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Abstract
A perturbation analysis based on equations of motion in Lagrangian form
is presented for the oscillatory and time-mean viscous flows induced by a prop-
agating wave of small amplitude in an annulus with a viscoelastic outer wall.
Owing to the steady streaming effect, the existence of a catheter in a blood
vessel brings in an additional steady pressure gradient, a correction to that pre-
dicted by the linear theory, and an additional steady shear stress, which may
increase the possibility of hemolysis of red blood cells. The steady pressure
gradient is found as an analytical function of the Lagrangian radial coordinate,
which is in sharp contrast to the Eulerian description by which the steady pres-
sure gradient is constant across the section. The effects of catheter size and
oscillation frequency on the wave speed and wave attenuation in the first or-
der, and on the time-mean steady quantities like velocity, pressure gradient,
and shear stress in the second order are studied. Results of the present study
suggest that a catheter radius that is some 30% of the outer tube radius is a
possibly critical value, above which the mean pressure gradient and the mean
shear stresses induced in the fluid could be too large to render the catheter
unsafe to use.
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1 Introduction
The study of oscillatory flow of a viscous fluid contained in a flexible tube is of impor-
tance particularly to biomechanics. In clinical situations such as balloon angioplasty,
a pressure transducer with a long fine catheter is inserted in a peripheral artery to
measure the pressure gradient over a large part of the arterial tree during angioplasty
procedures[1]. The insertion of catheters in blood vessels will, however, alter the pres-
sure distribution, thereby inducing errors to the pressure gradient measurement[2].
Also, hemolysis of blood samples is a common clinical problem encountered in the
Emergency Department (ED). Excessively large shear stress in the annulus flow due
to catheterization may destroy the red blood cells, leading to inaccuracy in assay
results and often to the need for repeated blood draws[3].
With an objective to understand blood flow in an annular region through a stenotic
artery, several studies have been performed to estimate the correction to the measured
values of blood pressure gradient[1, 2, 4, 5, 6]. By the nonlinear phenomenon known
as steady streaming, which amounts to a time-independent component of flow[7],
there exists a higher-order non-zero time-mean pressure gradient in addition to the
oscillatory component found at the leading order. Sarkar and Jayaraman[1] derived
a correction to the mean pressure drop as predicted by the linear theory in pulsatile
flow through a catheterized stenosed rigid artery. The effects of the catheter size and
oscillation frequency on the time-mean quantities such as velocity, impedance and wall
shear stress were studied. A nonlinear analysis of the annulus flow in an elastic tube
was further carried out by Sarkar and Jayaraman[2]. They also showed that the mean
pressure gradient would change with catheter size at all frequencies. The geometry as
well as the elasticity of the wall could play an important role in the dynamics of the
flow even for small catheter radius. More complex effects, such as artery clot, artery
curvature and non-Newtonian fluid, were investigated by Jayaraman and Sarkar[4],
Jayaraman and Dash[5] and Sankar[6], respectively. The associated mass transport
problem in oscillatory flow through a catheterized artery was also studied by, e.g.,
Sarkar and Jayaraman[8].
The above-mentioned works are based on the Eulerian formulation, in which the
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Taylor expansion theorem is employed to approximate the boundary conditions on a
moving wall by those on the mean position of the wall[9]. Such an approach would,
however, limit the validity of the second-order results to waves of extremely small
amplitude when the oscillation frequency is high[10]. To circumvent this problem,
we adopt in this work the Lagrangian description, by which the conditions on a
moving boundary are prescribed exactly by referring to its undisturbed position[11].
The Lagrangian description is intrinsically particle specific, and hence its analysis
will yield results that can be interpreted as the conditions experienced by individual
particles, e.g., blood cells, in the flow. The Lagrangian steady streaming velocity,
which show the time-mean movement of particles, is found directly by this approach.
Ma and Ng[10] recently developed a Lagrangian model to investigate the nonlinear flow
induced by oscillatory pressure forcing through a thick-walled flexible tube without
catheter insertion. Their mathematical formulation is largely followed in this work.
In particular, their solutions for oscillatory as well as time-mean motions with zero
initial wall stresses will be used as particular cases for comparison in this paper.
Sharp and Mohammad[3] found that the probability of hemolysis would increase as
a result of increasing pressure difference and catheter size. They defined a threshold
for hemolysis of red blood cells as a function of exposure time and shear stress.
Below the threshold, hemolysis is much less probable to occur. In this regard, it
is essential to determine a catheter size that will not cause the blood cells to be
subject to excessively large shear stress during the process of catheterization. This
has motivated the present study.
Specifically, the present work is to study the oscillatory and time-mean flows, as
induced by purely oscillatory pressure forcing, in a catheterized artery with viscoelas-
tic outer wall. The Lagrangian coordinates are employed. The catheter, or the inner
tube, is assumed to be rigid, and the condition outside the outer tube can be either
stress-free (i.e., a free tube without constraint by the surrounding tissues), or zero-
displacement axially (i.e., a tethered tube constrained by the surrounding tissues).
Effects of non-Newtonian fluid, stenosis, curvature, gravity and initial stresses of the
outer wall are not considered in this work. A perturbation analysis is performed by
introducing a small ratio of wave amplitude to tube radius. The wavenumber and
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wave attenuation are found in the first order and the steady fluid dynamic param-
eters like the axial mass transport velocity, pressure gradient, and shear stress are
found in the second order. Results are generated to illustrate the effects of oscillation
frequency and catheter radius on the first-order oscillatory flow and the second-order
steady quantities. Finally, based on the results, a critical catheter radius is suggested.
2 Mathematical formulation
Figure 1 shows a schematic diagram of the annular geometry and the cylindrical co-
ordinate system. The radius of the rigid catheter, and the initial inner and outer
radii of the outer wall are represented by d, a and b, respectively. By the Lagrangian
description, the instantaneous radial and axial coordinates of a particle of fixed iden-
tity, (r, z), and the pressure, p, are functions of the initial coordinates of the particle,
(R,Z), and time, t. Axisymmetry is assumed, and hence any dependence on the
azimuthal position θ is eliminated. As a result of an oscillatory pressure gradient of
angular frequency σ, a progressive wave of wavenumber k is induced in the system,
where k and σ are related by a dispersion equation, as will be deduced later.
A linear Voigt viscoelastic model is proposed for the tube wall: the Cauchy stress
T is a linear combination of viscous and elastic parts[12, 11, 13]:
T = −pI + 2µD+GE, (1)
where I is the identity tensor, µ is the classical Newtonian viscosity, D = 1
2
(L+ LT)
is the rate of deformation tensor, L = F˙ ·F−1 is the velocity gradient tensor, G is the
shear modulus, and E = B − I is the strain tensor, in which F is the deformation
gradient tensor of material, and B = F · FT is the Finger or left Cauchy–Green
tensor[13, 14]. In its limit when µ = 0, the constitutive relation (1) represents a neo-
Hookean elastic solid. In a sense, the neo-Hookean law generalizes Hooke’s law.
While the latter involves only linear strains and is good for infinitesimally small
deformations, the former contains quadratic strains and may describe fairly large
deformations of an isotropic material. Some previous works, e.g., Demiray[15] and
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Gundiah[16], have clearly remarked that the neo-Hookean law could be applied in the
constitutive relation to model the biological tissues.
We suppose that the tube inner radius, catheter radius and the outer wall thickness
are comparable with one another, all of them being much smaller than the wavelength,
which is of the order of the tube length L. Based on this assumption of sharp contrast
in length scales, the following parameter
 ≡ a/L 1 (2)
will be used as an ordering parameter for the perturbation analysis below.
Following Ma and Ng[10], we introduce the following normalized variables, which
are distinguished by a caret:
(rl, R, b, d) = a(rˆl, Rˆ, bˆ, dˆ), (zl, Z) = L(zˆl, Zˆ), k = L
−1kˆ, t = σ−1tˆ,
pf = (ρfσ
2L2)pˆf , pw = Gwpˆw, Nf = 
−2µfσNˆf , Nw = GwNˆw,
(τfrz, Tf) = 
−1µfσ(τˆfrz, Tˆf), (τfrr, τfθθ, τfzz) = µfσ(τˆfrr, τˆfθθ, τˆfzz),
(τwrz , Tw) = Gw(τˆwrz , Tˆw), (τwrr, τwθθ, τwzz) = Gw(τˆwrr, τˆwθθ, τˆwzz),

(3)
where the subindex l is used to distinguish between the fluid and outer wall domains
l =
 f for fluid in a > R > dw for wall in b > R > a , (4)
ρ represents the density, τij are the deviatoric stress components, T and N are,
respectively, the tangential and normal stress components on a material surface as
seen in an (R,Z) plane.
The motions of the fluid and the wall are governed by the continuity and mo-
mentum equations in the Lagrangian system as follows. The continuity equation
is
∂(rˆl, zˆl)
∂(Rˆ, Zˆ)
=
Rˆ
rˆl
. (5)
The momentum equations are
2
∂2rˆf
∂tˆ2
= − rˆf
Rˆ
∂(pˆf , zˆf )
∂(Rˆ, Zˆ)
+
2
α2
[
1
Rˆ
∂(rˆf τˆfrr, zˆf )
∂(Rˆ, Zˆ)
+
rˆf
Rˆ
∂(rˆf , τˆfrz)
∂(Rˆ, Zˆ)
− τˆfθθ
rˆf
]
, (6)
∂2zˆf
∂tˆ2
= − rˆf
Rˆ
∂(rˆf , pˆf )
∂(Rˆ, Zˆ)
+
1
α2
[
1
Rˆ
∂(rˆf τˆfzr, zˆf)
∂(Rˆ, Zˆ)
+ 2
rˆf
Rˆ
∂(rˆf , τˆfzz)
∂(Rˆ, Zˆ)
]
, (7)
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2
∂2rˆw
∂tˆ2
= − β
α4
rˆw
Rˆ
∂(pˆw, zˆw)
∂(Rˆ, Zˆ)
+
β
α4
[
1
Rˆ
∂(rˆwτˆwrr, zˆw)
∂(Rˆ, Zˆ)
+ 2
rˆw
Rˆ
∂(rˆw, τˆwrz)
∂(Rˆ, Zˆ)
− τˆwθθ
rˆw
]
, (8)
∂2zˆw
∂tˆ2
= − β
α4
rˆw
Rˆ
∂(rˆw, pˆw)
∂(Rˆ, Zˆ)
+
β
α4
[
1
Rˆ
∂(rˆwτˆwzr , zˆw)
∂(Rˆ, Zˆ)
+
rˆw
Rˆ
∂(rˆw, τˆwzz)
∂(Rˆ, Zˆ)
]
. (9)
The dimensionless stress components are given as below:
τˆfrr = 2
rˆf
Rˆ
∂(ˆ˙rf , zˆf)
∂(Rˆ, Zˆ)
, τˆfθθ = 2
ˆ˙rf
rˆf
, τˆfzz = 2
rˆf
Rˆ
∂(rˆf , ˆ˙zf)
∂(Rˆ, Zˆ)
, (10)
τˆfrz = τˆfzr =
rˆf
Rˆ
[
2
∂(rˆf , ˆ˙rf)
∂(Rˆ, Zˆ)
+
∂(ˆ˙zf , zˆf )
∂(Rˆ, Zˆ)
]
, (11)
τˆwrr = 2
α2γ
β
rˆw
Rˆ
∂(ˆ˙rw, zˆw)
∂(Rˆ, Zˆ)
+
(∂rˆw
∂Rˆ
)2
+ 2
(
∂rˆw
∂Zˆ
)2
− 1
 , (12)
τˆwθθ = 2
α2γ
β
ˆ˙rw
rˆw
+
( rˆw
Rˆ
)2
− 1
 , (13)
τˆwzz = 2
α2γ
β
rˆw
Rˆ
∂(rˆw, ˆ˙zw)
∂(Rˆ, Zˆ)
+
−2 (∂zˆw
∂Rˆ
)2
+
(
∂zˆw
∂Zˆ
)2
− 1
 , (14)
and
τˆwrz = τˆwzr =
α2γ
β
rˆw
Rˆ
[
∂(rˆw, ˆ˙rw)
∂(Rˆ, Zˆ)
+ −2
∂(ˆ˙zw, zˆw)
∂(Rˆ, Zˆ)
]
+
[
−2
(
∂rˆw
∂Rˆ
)(
∂zˆw
∂Rˆ
)
+
(
∂rˆw
∂Zˆ
)(
∂zˆw
∂Zˆ
)]
. (15)
More details about the deduction of the Lagrangian equations of motions in the
cylindrical system can be found in Ma and Ng[10]. In the equations above, three
dimensionless parameters are introduced:
α = a
(
σ
νf
) 1
2
, β =
2a2Gw
ρwν2f
, γ =
2νw
νf
. (16)
where νl = µl/ρl is the kinematic viscosity. These parameters have the following
physical meanings: α is a frequency parameter known as the Womersley number; β
represents the significance of the tube elasticity; γ is a ratio of the tube viscosity to
the fluid viscosity.
The normalized boundary conditions read as follows:
rˆf = 0, zˆf = 0, on Rˆ = dˆ, (17)
rˆf = rˆw, zˆf = zˆw,
α2
Mβ
Tˆf = Tˆw,
α2
Mβ
Nˆf = Nˆw, on Rˆ = 1, (18)
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Tˆw = 0, Nˆw = 0, on Rˆ = bˆ, (19)
where
M =
ρw
ρf
= O(1), (20)
which represents the ratio of wall density to fluid density. We remark that the no-slip
condition (17) becomes invalid when dˆ = 0, for which the no-stress condition should
be applied instead. Reference should be made to Ma and Ng[10] for the case without
the inner tube.
The dimensionless expressions for Tˆl and Nˆl are
Tˆf |n|2 = 2 (τˆfrr − τˆfzz) ∂rˆf
∂Zˆ
∂zˆf
∂Zˆ
+ τˆfzr
(∂zˆf
∂Zˆ
)2
− 2
(
∂rˆf
∂Zˆ
)2 , (21)
Nˆf |n|2 = (−α2pˆf + 2τˆfrr)
(
∂zˆf
∂Zˆ
)2
+ 2(−α2pˆf + 2τˆfzz)
(
∂rˆf
∂Zˆ
)2
− 22τˆfrz ∂rˆf
∂Zˆ
∂zˆf
∂Zˆ
, (22)
Tˆw|n|2 = (τˆwrr − τˆwzz) ∂rˆw
∂Zˆ
∂zˆw
∂Zˆ
+ τˆwzr
(∂zˆw
∂Zˆ
)2
− 2
(
∂rˆw
∂Zˆ
)2 , (23)
and
Nˆw|n|2 = (−pˆw + τˆwrr)
(
∂zˆw
∂Zˆ
)2
+ 2(−pˆw + τˆwzz)
(
∂rˆw
∂Zˆ
)2
− 22τˆwrz ∂rˆw
∂Zˆ
∂zˆw
∂Zˆ
. (24)
where |n| = [(∂r/∂Z)2 + (∂z/∂Z)2]1/2 is the length of the unit tangential vector of a
material curve S = (r(R,Z, t), z(R,Z, t)).
On assuming that the induced radial and axial displacements in both the fluid
and the wall are one order of magnitude smaller than the corresponding scalings, we
may follow Pierson[17] in expanding the variables into powers of :
(rˆl, zˆl) = (Rˆ, Zˆ) + (rˆl1, zˆl1) + 
2(rˆl2, zˆl2) + · · · , (25)
pˆl = pˆl1 + 
2pˆl2 + · · · , (26)
(τˆlrr, τˆlθθ, τˆlzz , τˆlrz) = (τˆlrr1, τˆlθθ1, τˆlzz1, τˆlrz1)
+ 2(τˆlrr2, τˆlθθ2, τˆlzz2, τˆlrz2) + · · · , (27)
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zˆw1(Rˆ, Zˆ, tˆ) = zˆw11(Zˆ, tˆ) + 
2zˆw12(Rˆ, Zˆ, tˆ), (28)
zˆw2(Rˆ, Zˆ, tˆ) = zˆw21(Zˆ, tˆ) + 
2zˆw22(Rˆ, Zˆ, tˆ), (29)
where the leading terms zˆw11 and zˆw21 are independent of Rˆ. The O() terms are the
leading-order displacements consisting of purely first harmonic components, while the
higher-order terms consist of higher harmonics as well as steady components.
Substitution of the expansions above into the governing equations (5)–(9), the
stress components (10)–(15) and the boundary conditions (17)–(19), and collecting
terms of equal power of , we may obtain the first- and second-order problems as
detailed in the following sections.
3 First-order problem
At O(), the governing equations for the fluid are:
∂zˆf1
∂Zˆ
+
∂rˆf1
∂Rˆ
+
rˆf1
Rˆ
= 0, (30)
∂pˆf1
∂Rˆ
= 0, (31)
∂2zˆf1
∂tˆ2
= −∂pˆf1
∂Zˆ
+
1
α2
[
∂τˆfrz1
∂Rˆ
+
τˆfrz1
Rˆ
]
, (32)
and those for the tube wall are:
∂zˆw11
∂Zˆ
+
∂rˆw1
∂Rˆ
+
rˆw1
Rˆ
= 0, (33)
−∂pˆw1
∂Rˆ
+
∂τˆwrr1
∂Rˆ
+
τˆwrr1 − τˆwθθ1
Rˆ
= 0, (34)
α4
β
∂2zˆw11
∂tˆ2
= −∂pˆw1
∂Zˆ
+
∂τˆwrz1
∂Rˆ
+
τˆwrz1
Rˆ
+
∂τˆwzz1
∂Zˆ
, (35)
where the stress components τˆlij1 are given as follows:
τˆfrr1 = 2
∂ˆ˙rf1
∂Rˆ
, τˆfθθ1 = 2
ˆ˙rf1
Rˆ
, (36)
τˆfzz1 = 2
∂ˆ˙zf1
∂Zˆ
, τˆfrz1 =
∂ˆ˙zf1
∂Rˆ
, (37)
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τˆwrr1 = 2
α2γ
β
∂ˆ˙rw1
∂Rˆ
+ 2
∂rˆw1
∂Rˆ
, (38)
τˆwθθ1 = 2
α2γ
β
ˆ˙rw1
Rˆ
+ 2
rˆw1
Rˆ
, (39)
τˆwzz1 = 2
α2γ
β
∂ˆ˙zw11
∂Zˆ
+ 2
∂zˆw11
∂Zˆ
, (40)
and
τˆwrz1 =
α2γ
β
(
∂ˆ˙rw1
∂Zˆ
+
∂ˆ˙zw12
∂Rˆ
)
+
∂rˆw1
∂Zˆ
+
∂zˆw12
∂Rˆ
. (41)
The first-order boundary conditions are
rˆf1 = 0, zˆf1 = 0 on Rˆ = dˆ, (42)
rˆf1 = rˆw1, zˆf1 = zˆw11,
α2
Mβ
τˆfrz1 = τˆwrz1,
− α4
Mβ
pˆf1 = −pˆw1 + τˆwrr1

on Rˆ = 1, (43)
and
Case 1: τˆwrz1 = 0,
Case 2: zˆw11 = 0,
−pˆw1 + τˆwrr1 = 0

on Rˆ = bˆ. (44)
In the outer boundary condition above, case 1 represents a free tube, where the
stresses on the outer wall are absent, while in case 2 the tube is tethered by the
perivascular tissues so that the longitudinal motion of the outer surface is strongly
constrained and the leading order of the axial displacement can be taken as zero[18].
We suppose that the pressure forcing that is applied to the fluid at the origin
pˆf1(Zˆ = 0) is a simple harmonic function of tˆ, and as a result, a traveling wave is
induced in the fluid:
pˆf1 = Re
[
poei(tˆ−kˆZˆ)
]
, (45)
where Re stands for the real part, po is a known constant equal to the amplitude of
the pressure forcing at Zˆ = 0, and i =
√−1 is the complex unit. To seek the solution,
let us now express the first-order quantities in the same harmonic form as pˆf1:
(rˆf1, zˆf1, rˆw1, zˆw11, zˆw12, pˆw1) = Re
[
(rof , z
o
f , r
o
w, z
o
wc, z
o
wv, p
o
w)e
i(tˆ−kˆZˆ)] , (46)
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where rof , z
o
f , r
o
w, z
o
wv and p
o
w are complex functions of Rˆ, and z
o
wc is an unknown con-
stant to be determined by the boundary conditions. On substituting these expressions
into the governing equations, the following general solutions satisfying Eq. (42) can
be deduced:
zof(Rˆ) = −ikˆpo + λJ0(λRˆ)B1 + λY0(λRˆ)B6, (47)
rof (Rˆ) =
kˆ2Rˆ
2
po + ikˆJ1(λRˆ)B1 + ikˆY1(λRˆ)B6 +
B7
Rˆ
, (48)
zowc = B4, (49)
row(Rˆ) =
ikˆRˆ
2
B4 +
B2
Rˆ
, (50)
pow =
ζ
β
ikˆB5, (51)
zowv(Rˆ) =
[
kˆ2 (B4 +B5)− α
ζ
B4
]
Rˆ2
4
+ ln(Rˆ)B3, (52)
where λ = αi3/2, ζ = α2γi + β, Jn and Yn are respectively the Bessel functions of the
first and second kinds of order n, and the complex integration constants B1–B7 as
well as the complex wavenumber kˆ are to be determined by the boundary conditions.
In case 1 for a free tube, substituting the general solutions into the boundary
conditions (43)–(44) results in a homogeneous linear algebraic system of equations
for the eight constants po and B1–B7:
AX = 0, (53)
where the matrix A and vector X are given as below:
A =

−ikˆ λJ0(λdˆ) 0 0
kˆ2dˆ2/2 ikˆdˆJ1(λdˆ) 0 0
kˆ2/2 ikˆJ1(λ) −1 0
−ikˆ λJ0(λ) 0 0
0 α4J1(λ)/(Mζ) −ikˆ 1
α4/(Mζ) 0 −2 0
0 0 −ikˆ 1
0 0 −2/bˆ2 0
10
0 0 λY0(λdˆ) 0
0 0 ikˆdˆY1(λdˆ) 1
−1 0 λY0(λ) 0
−ikˆ/2 0 ikˆY1(λ) 1
kˆ2 − α4/(2ζ) kˆ2/2 α4Y1(λ)/(Mζ) 0
ikˆ −ikˆ 0 0
kˆ2bˆ2 − α4bˆ2/(2ζ) kˆ2bˆ2/2 0 0
ikˆ −ikˆ 0 0

, (54)
X =
(
po B1 B2 B3 B4 B5 B6 B7
)T
. (55)
The system will have a non-trivial solution if and only if the determinant of the
coefficient matrix A vanishes:
|A| = 0. (56)
This condition yields the characteristic equation governing the eigenvalue, which is the
complex wavenumber kˆ. Equation (56) admits four complex solutions for kˆ = kˆr+ikˆi,
where the real part kˆr denotes the wavenumber, and the imaginary part kˆi is the
attenuation constant. Our focus is on the forward traveling waves, so we only consider
the two solutions with kˆr > 0 and kˆi < 0. Each of these two solutions corresponds
to a distinct wave mode. The wave with a slower phase velocity C1 = σ/kr1 is called
Young wave representing a pressure wave propagating in the fluid, while the one with
a higher phase velocity C2 = σ/kr2 is called Lamb wave representing a wave traveling
largely along the wall. Most of our discussions below will be on the Young wave
mode, which is more important in the present study.
The constants B1–B7 are related to the pressure amplitude p
o by the following
relations:
po
411 =
B1
412 =
B2
413 =
B3
414 =
B4
415 =
B5
416 =
B6
417 =
B7
418 , (57)
where 4kl is the cofactor obtained by eliminating the kth row and lth column of |A|.
In case 2 for a tethered tube, B4 = 0 and the dispersion equation becomes much
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simpler, which can be expressed as follows:
kˆ2 =
[
λY0(λdˆ)− λJ0(λdˆ)Y0(λ)
J0(λ)
]
bˆ2α4
2Mζ(bˆ2 − 1)(K1 −K2)
, (58)
where
K1 =
[
1− J0(λdˆ)
J0(λ)
] {
dˆY1(λdˆ)− dˆJ1(λdˆ)Y0(λ)
J0(λ)
−
[
λJ0(λ)
2
− J1(λ)
]
Y0(λ)
J0(λ)
+
λY0(λ)
2
− Y1(λ)
}
, (59)
and
K2 =
[
λY0(λdˆ)− λJ0(λdˆ)Y0(λ)
J0(λ)
] [
dˆ2 − 1
2
− dˆJ1(λdˆ)
λJ0(λ)
+
J1(λ)
λJ0(λ)
]
. (60)
The Lamb wave does not exist this time and only the Young wave can survive in the
tethering case.
Some numerical results are presented in Fig. 2 to demonstrate the effects of the
catheter radius dˆ on the Young wave speed C1, and the wave damping (given by
the imaginary part of the wavenumber kˆi) as functions of the Womersley number α.
The physical inputs according to the properties of a blood vessel are chosen as[19]:
a = 2 × 10−3 m, L = 2 × 10−1 m, bˆ = b/a = 1.15, ρf = 1.056 × 103 kg/m3,
ρw = 1.1 × 103 kg/m3 (or M = 1.0417), µf = 3.3 × 10−3 Pa s, µw = 33 Pa s, and
Gw = 5.371×105 Pa (β = 20000 and γ = 1). As for the size of a catheter, Sarkar and
Jayaraman[2] pointed out that the catheter is normally 0.66 – 2.6 mm in diameter,
while the blood vessel is 3 – 5.7 mm in diameter. Sarkar and Jayaraman[1] have
also considered the ratio of catheter to vessel size being in the range of 0.2 – 0.5.
Following these works, we here consider a similar range, 0.1 – 0.5, for the ratio of
the two diameters, which should represent typical catheterization during angioplasty
procedures and blood assays.
Figure 2 shows that the Young wave speed is higher and the wave damping is
stronger for a tethered tube than those for a free tube, which is consistent with the
results obtained by Ma and Ng[10]. On the other hand, the Young wave speed will be
slowed down and the wave attenuation will be enhanced, by increasing the catheter
radius. The results for the limiting case dˆ = 0 (i.e., a full circular cross section instead
of an annulus) shown in Fig. 2 are obtained using the model by Ma and Ng[10]. As
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remarked earlier, this limiting case is unavailable in the present model, since in the
absence of the catheter the no-slip condition can no longer be applied at the inner
boundary.
4 Second-order problem
The Voigt viscoelastic model is mechanically represented by a spring and a dashpot
operating in parallel. A Voigt material, when subjected to a steady load, will first
deform at a rate controlled by the dashpot damping, but ultimately will reach a finite
deformation controlled by the spring elasticity. Ma and Ng[10] have shown that for a
viscoelastic material with sufficient elastic strength such that µw/Gw ≤ O(σ−1), or
the creeping time for the transient motion is at most comparable to the wave period,
the time-mean motion of the tube is short lived with little practical significance; the
ultimate steady deformation can be readily attained within several wave periods or
so. Under this condition, we only need to find the second-order steady streaming
as influenced by the wall viscoelasticity and catheter radius through the first-order
oscillatory flow.
At O(2), the governing equations for the fluid after time-averaging are
∂ ˙ˆzl2
∂Zˆ
+
∂ ˙ˆrl2
∂Rˆ
+
˙ˆrl2
Rˆ
= 0, (61)
∂pˆf2
∂Rˆ
= Γe2kˆiZˆ, (62)
α2
∂pˆf2
∂Zˆ
− ∂
2 ˙ˆzf2
∂Rˆ2
− 1
Rˆ
∂ ˙ˆzf2
∂Rˆ
= He2kˆiZˆ, (63)
where
Γ =
1
2
Re
{
ikˆ∗po∗f
dzof
dRˆ
}
, (64)
H =
1
2
Re
{
α2
∣∣∣kˆ∣∣∣2 po∗f zof − 2kˆ∗
Rˆ
d
dRˆ
(
Rˆzo∗f
dzof
dRˆ
)
− kˆ
∣∣∣∣∣dz
o
f
dRˆ
∣∣∣∣∣
2
+ i
(
dro∗f
dRˆ
− r
o∗
f
Rˆ
)(
1
Rˆ
dzof
dRˆ
− d
2zof
dRˆ2
)}
. (65)
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The overbar denotes time average over one wave period, and the asterisk denotes the
complex conjugate.
According to the forcing terms on the right-hand side of the time-averaged equa-
tions, the second-order solutions of the steady motion in both the fluid and the wall
can be expressed as follows:
(
˙ˆrf2, ˙ˆzf2, pˆf2
)
=
(
U sR, U
s
L, p
s
f
)
e2kˆiZˆ, (66)
where U sR, U
s
L and p
s
f are functions of Rˆ only. The term exp
(
2kˆiZˆ
)
indicates that
all the second-order steady solutions decay along the axial direction. The strength
of the axial decay is represented by the magnitude of imaginary part wavenumber kˆi,
which is always negative as illustrated in Fig. 2.
The boundary conditions for the steady streaming of the fluid can be written as:
˙ˆrf2 = 0, ˙ˆzf2 = 0, on Rˆ = dˆ, (67)
and
˙ˆrf2 = 0, ˙ˆzf2 = 0, on Rˆ = 1. (68)
Substitution of Eq. (66) into Eqs. (61)–(63) and the boundary conditions (67)–
(68), the time-mean pressure and axial steady streaming velocity at Zˆ = 0 can be
readily obtained as
psf =
∫
ΓdRˆ +M1, (69)
U sL =
∫ Rˆ
1
1
Rˆ
∫ Rˆ
0
(
2kˆiα
2psf −H
)
RˆdRˆdRˆ+M2 ln Rˆ, (70)
where the integration constant M1 and M2 can be determined from the boundary
conditions (67) and (68).
Substituting F , Γ and H into Eq. (70) results in an expression for U sL as follows:
U sL = Re
{
λpo∗
(
1
2
∣∣∣kˆ∣∣∣2 i+ kˆ∗2i + kˆikˆ∗)
×
[
B1
(
J0(λRˆ)− J0 (λ) + J1(λdˆ)λdˆ ln Rˆ
)
+B6
(
Y0(λRˆ)− Y0 (λ) + Y1(λdˆ)λdˆ ln Rˆ
) ]
14
− |λ|2 λkˆ∗
[ ∫ Rˆ
1
(
J∗0 (λRˆ)B
∗
1 + Y
∗
0 (λRˆ)B
∗
6
) (
J1(λRˆ)B1 + Y1(λRˆ)B6
)
dRˆ
− dˆ ln Rˆ
(
J∗0 (λdˆ)B
∗
1 + Y
∗
0 (λdˆ)B
∗
6
) (
J1(λdˆ)B1 + Y1(λdˆ)B6
) ]
− kˆ
∗λ2
2
∫ Rˆ
1
1
Rˆ
∫ Rˆ
dˆ
[ (
λ∗J∗0 (λRˆ)Rˆ− 2J∗1 (λRˆ)
)(
λY0(λRˆ)− 2Y1(λRˆ)
Rˆ
)
B∗1B6
+
(
λ∗Y ∗0 (λRˆ)Rˆ − 2Y ∗1 (λRˆ)
)(
λJ0(λRˆ)− 2J1(λRˆ)
Rˆ
)
B1B
∗
6
]
dRˆ dRˆ
+ iB∗7λ
2
∫ Rˆ
1
1
Rˆ
∫ Rˆ
dˆ
[(
λJ0(λRˆ)
Rˆ
− 2J1(λRˆ)
Rˆ2
)
B1
+
(
λY0(λRˆ)
Rˆ
− 2Y1(λRˆ)
Rˆ2
)
B6
]
dRˆ dRˆ
}
+
1
2
kˆrα
4
∫ Rˆ
1
1
Rˆ
∫ Rˆ
dˆ
∣∣∣J1 (λRˆ)B1 + Y1 (λRˆ)B6∣∣∣2 RˆdRˆ dRˆ
+
1
2
kˆiα
2
∫ Rˆ
1
1
Rˆ
∫ Rˆ
dˆ
[ ∣∣∣∣∣∣λJ0
(
λRˆ
)
− 2J1
(
λRˆ
)
Rˆ
∣∣∣∣∣∣
2
|B1|2
+
∣∣∣∣∣∣λY0
(
λRˆ
)
− 2Y1
(
λRˆ
)
Rˆ
∣∣∣∣∣∣
2
|B6|2
]
RˆdRˆ dRˆ
+
1
8
kˆiα
2
(
Rˆ2 − 1− 2dˆ2 ln Rˆ
)(
4M1 −
∣∣∣kˆ∣∣∣2 |po|2)+M2 ln Rˆ. (71)
The steady Lagrangian drift, which is largely in the axial direction, is now determined.
This steady current is affected through the parameter B1 by the oscillation frequency
and catheter radius, as given in Eq. (57). Our second-order analysis and the resulting
expression for the Lagrangian drift in annulus flow appear not to have been reported
in the existing literature. By virtue of the Lagrangian approach, the boundary con-
ditions are prescribed exactly on the interfaces, and hence the expressions deduced
above are good irrespective of the displacement amplitude of the boundaries.
Numerical results, which are obtained with the computational package Mathcad
Version 14, are presented below to help us look into the effects of the catheter radius on
the second-order steady quantities. Figure 3 shows the steady axial velocity profiles at
Zˆ = 0 for different values of catheter radius dˆ and the Womersley number α as given
in Eq. (16). The results are based on a typical value of fluid pressure amplitude equal
to 20mmHg[20], which corresponds to po = 20× 133.322× (ρf σ2L2)−1/ = 10343α−4,
where po is the first-order pressure amplitude as defined in Eq. (45). In Fig. 3, one may
see that the steady streaming velocity will decrease in amplitude as the catheter radius
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increases at a low frequency, say α = 2. The trend becomes reversed, however, for
higher frequencies. Unlike the limiting case without a catheter, the steady streaming
velocity in annulus flow has a profile varying strongly across the tube section. This
is because the no-slip boundary condition on the catheter retards the nearby fluid
motion, thereby steepening the velocity gradient near the catheter. As illustrated in
Fig. 3, although the amplitude of steady flow in the tethered-tube case is larger than
that in the free-tube case, the steady streaming velocity profiles of these two cases
are qualitatively the same. Hence, only the free-tube case is considered for further
discussion below.
The cross-sectional distribution of steady pressure gradient ∂pˆf2/∂Zˆ at Zˆ = 0 is
shown in Fig. 4 as a function of the catheter radius at various frequencies. Unlike
the Eulerian mean pressure gradient, which is uniform across the tube section[2, 4],
the steady pressure gradient in Lagrangian form is a function of the radial coordinate
and exhibits a sharp decrease in magnitude in the middle of the annular region, e.g.,
dˆ = 0.3 − 0.5 as shown in Fig. 4. In their analysis on the mean pressure gradient
of the annulus flow in a flexible tube, Sarkar and Jayaraman[2] found that the inser-
tion of a catheter would increase the magnitude of steady pressure gradient at any
frequency. Our results as shown in Fig. 4 are in qualitative agreement with their find-
ings. The quantitative values of our results are of course different from theirs, owing
to a different system of description being used. The Lagrangian values shown here
are of practical significance, as they can directly reflect the conditions experienced by
individual particles.
Figure 5 shows the shear stress distribution in the fluid: τˆfrz2 = τ
s
f exp
(
2kˆiZˆ
)
at
Zˆ = 0, where
τ sf =
∂ ˙ˆzf2
∂Rˆ
+
∂zˆf1
∂Zˆ
∂ ˙ˆzf1
∂Rˆ
− ∂zˆf1
∂Rˆ
∂ ˙ˆzf1
∂Zˆ
+
rˆf1
Rˆ
∂ ˙ˆzf1
∂Rˆ
, (72)
and the steady wall shear stress on the interface between fluid and the inner surface
of the outer wall τwss = τ
s
f |Rˆ=1, and shear stress on the catheter surface τcss = τ sf |Rˆ=dˆ
due to the steady streaming. The presence of a catheter is to dramatically change
the distribution of the shear stress in the annular region, as clearly shown in Fig.
5. In particular, the shear stress near the bounding walls is appreciably enhanced
as the catheter size increases. Again, such similar effects of catheter size on the wall
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shear stress have been reported previously by Sarkar and Jayaraman[2]. We here
confirm that catheterization can indeed lead to intensification of the steady shear
stress, especially near the walls. This needs to be taken into consideration when one
is concerned with, e.g., hemolysis of red blood cells. When the oscillation frequency is
sufficiently large (Fig. 5b, c, e and f), the catheter radius dˆ = 0.3 could be viewed as a
critical level, below which the steady shear stress distribution is only mildly affected
by the catheter size, but when it is exceeded, the shear stress will tend to increase
in magnitude dramatically with the catheter size. Similar trends can also be found
for the steady pressure gradient as has been illustrated in Fig. 4. As a matter of
fact, a catheter of radius dˆ = 0.3 will take up only 9% of the cross-sectional area of
the tube. An order-of-magnitude analysis will show that, with a blockage ratio equal
to 10%, the increase in the section-mean velocity is also of the order 10%. Such a
limited increase in velocity will also lead to a limited increase in the magnitude of the
dynamics quantities. The results here suggest that in practice a catheter radius no
greater than dˆ = 0.3 should be used in order to avoid too large an increase in pressure
or stress to be induced in the fluid.
5 Concluding remarks
In this paper, we have examined the oscillatory as well as the steady Lagrangian
flows of a fluid as induced by a wave propagating in the annulus of a catheterized
viscoelastic tube. The problem is entirely Lagrangian in formulation and analysis.
The steady axial velocity has been solved as an analytical function of the wall and
fluid properties, the Womersley number, and the catheter radius, as given in Eq. (71)
in the second-order problem. Because of wave damping, all the time-mean quantities
contain an exponential factor for axial decay along the tube. The influences of the
oscillation frequency and the catheter radius on steady streaming velocity, steady
pressure gradient and steady shear stress have been studied. A catheter radius that
is 30% of the radius of the inner wall surface is a possibly critical radius, below which
the steady pressure gradient and the steady shear stress in most part of the fluid may
not be appreciably affected by the presence of the catheter.
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Extension of the present model is possible on taking into account additional effects
due to non-Newtonian fluid, large amplitude wave, stenosis and curvature of the artery
wall. For a problem with complex geometry or strong nonlinearity, numerical efforts
should be employed. Our analytical results presented here can be used as a benchmark
to test the accuracy of a computational scheme for solving the Lagrangian problem
numerically.
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Figure captions
Figure 1 Schematic diagram of the problem, where description is based on La-
grangian axial and radial coordinates, Z and R. Viscous fluid contained in the annulus
between a viscoelastic tube and a rigid catheter is subjected to time-periodic oscilla-
tory pressure forcing at Z = 0: (a) longitudinal-section view; (b) cross-section view.
A fluid element initially centered at (R,Z), on undergoing deformation, moves to a
new center (r, z) at time t.
Figure 2 Phase velocity C1 (m/s) and imaginary wavenumber kˆi of the Young
wave as functions of the Womersley number α for the free-tube case in (a) and (b),
and for the tethered-tube case in (c) and (d), where dˆ varies from 0 to 0.5.
Figure 3 Cross-sectional profiles of steady axial velocity at Zˆ = 0, for catheter ra-
dius dˆ = 0 (solid), 0.1 (dashes), 0.3 (dash-dots), 0.5 (dash-dot-dots), and the Womers-
ley number α = 2, 6, 10, when the tube is free of stress, as in (a), (b), (c), respectively,
or when the tube is tethered, as in (d), (e), (f), respectively.
Figure 4 Cross-sectional profiles of steady pressure gradient at Zˆ = 0, for catheter
radius dˆ = 0 (solid), 0.1 (dashes), 0.3 (dash-dots), 0.5 (dash-dot-dots), and the Wom-
ersley number α = 2, 6, 10, in (a), (b), (c), respectively.
Figure 5 Cross-sectional profiles of steady shear stress τ sf (Rˆ) = τˆ frz2(Rˆ, Zˆ = 0),
for catheter radius dˆ = 0 (solid), 0.1 (dashes), 0.3 (dash-dots), 0.5 (dash-dot-dots),
and the Womersley number α = 2, 6, 10 in (a), (b), (c), respectively. Steady shear
stress at the inner wall surface τwss = τ
s
f (Rˆ = 1) (solid), and steady shear stress at
the catheter surface τcss = τ
s
f (Rˆ = dˆ) (dashes) as functions of the catheter radius dˆ,
for the Womersley number α = 2, 6, 10 in (d), (e), (f), respectively.
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Figure 1: Schematic diagram of the problem, where description is based on Lagrangian
axial and radial coordinates, Z and R. Viscous fluid contained in the annulus be-
tween a viscoelastic tube and a rigid catheter is subjected to time-periodic oscillatory
pressure forcing at Z = 0: (a) longitudinal-section view; (b) cross-section view. A
fluid element initially centered at (R,Z), on undergoing deformation, moves to a new
center (r, z) at time t.
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Figure 2: Phase velocity C1 (m/s) and imaginary wavenumber kˆi of the Young wave
as functions of the Womersley number α for the free-tube case in (a) and (b), and for
the tethered-tube case in (c) and (d), where dˆ varies from 0 to 0.5.
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Figure 3: Cross-sectional profiles of steady axial velocity at Zˆ = 0, for catheter radius
dˆ = 0 (solid), 0.1 (dashes), 0.3 (dash-dots), 0.5 (dash-dot-dots), and the Womersley
number α = 2, 6, 10, when the tube is free of stress, as in (a), (b), (c), respectively,
or when the tube is tethered, as in (d), (e), (f), respectively.
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Figure 5: Cross-sectional profiles of steady shear stress τ sf (Rˆ) = τˆ frz2(Rˆ, Zˆ = 0), for
catheter radius dˆ = 0 (solid), 0.1 (dashes), 0.3 (dash-dots), 0.5 (dash-dot-dots), and
the Womersley number α = 2, 6, 10 in (a), (b), (c), respectively. Steady shear stress
at the inner wall surface τwss = τ
s
f (Rˆ = 1) (solid), and steady shear stress at the
catheter surface τcss = τ
s
f (Rˆ = dˆ) (dashes) as functions of the catheter radius dˆ, for
the Womersley number α = 2, 6, 10 in (d), (e), (f), respectively.
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